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ADVERTISEMENT.

I vEAR that brevity and compression have been but too much studied in the
following essay, but the necessity of comprising the whole matter in a small
compass, and the pressure of other avoestions, will plead, I hope, a sufficient
apology.

From the same cause I have been obliged to omit altogether subjects
which might have been with propriety introduced, for example, the general
theory of shadows ; and have only touched upon others which would require
perhaps further development.

Among other applieations of the method, I trust that to the theory of
reciprocel polars will be found simple and satiefastory.

My attention has been just directed by a friend to aletter from M. Chasles,
dated December 10, 1829, published in the Corvespondence Mathématigus
of M, Quetelet, tom. vi. p. 81, in which the writer asserts hiz claim to
the invention of & system of coordinates, noticed by M. Plucker in one
of the lvraisons of Crelle’s Journal, to which work I have never had an
opportunity of referring.  After some preliminary chservations, he states his
system s follows :—< Pour cela, par trois points fixes 4, 8, ¢, je mine trois
axes paraliéles entre eux, un plan gquelcongue remcontre ces axes en trois
points dont les distances aux points 4, B, c, respectivement, sont lee coor-
données &, ¥, #, du plan,” &c. ; and then goes on to =pply his system to a few
examples, using the prineiples and notation of the differontial calculus. To
any one consulting the Ietter from which the sbove extract is taken, it will be
apparent that the method there proposed, however excellent and ingenious it
may be, bears not the least resemblance ta the one davaloped in the following
Pvaeﬂﬁomn valuable improvements in the notation I have adopted, have been
suggested by the Reverend Charles Graves, F.T.C.D., of which I have
thankfully availed myself. g

J. B.

Tainity CoLLEoE, DUBLiK,
Murch 25th, 1840,
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TANGENTIAL COORDINATES.

CHAPTER 1.

I'T wmust have often appeared an anomalous fact in the application of
algebmic analysis to geometrical investigations, that while the locus
of a point could be found from the simplest and most elementary con-
siderations, the envelope of a right line or planc could be determined
only by the-aid of principles, artificial and obscure, derived from a
higher department of analysis.

Baut this is not the only or the greatest objection to the method at
present universally followed —it is in most ¢ases operosc, and in some

impracticable, to reduce the equation V=0 to the form % =0 and

then eliminate the anxiliary variable a, between those equations, a
difficulty which becomes far more formidable in problems of three
dimensions, where we are obliged to eliminate the auxiliary variables
a and 3 between the three equations
oodvV_ . av_
v_— U’, ‘rq e o-’ rﬂ —_— 0-

As it follows d priori from the principle of dualkity.* that for
every locus of a point there exists a corresponding envelope of a right
line or plane, it would seem that the comparative paucity of theorems

* See various memoirs on this subject by MM. Gergonne, Poncelet, and
others, dispersed through the volumes of the Annales Mathématiques.
B



2 ON TANGENTIAL COORDINATES.

of the latter species generally known, can be owing to nothing but
the want of a simple and direct mode of investigation.

From these considerations I have becn led to the discovery of a
method simple in principle, and easy of application, analogous to, but
different from, that of rectilinear or projective coordinates,—as for dis-
tinetion they may be called,—in which the reciprocals of the distances
of the origin from the points where the axes of coordinates are met by
a right line, or plane, touching a curve or cutved surface, are denoted
by the letters E; v, £; an equation established between them, may be
called the tangential eguation of the curve or curved surface,

By the help of this equation we may elude the necessity of differ-
entiating the equation V—0, and discover the envelopes of right
lines and planes with the same facility as the locus of = point by pro-

Bat it is not alone in inguiries of this nature that the method is
chiefly valuable ; there is a large class of theorems relating to curves
touching given right lines, and surfaces in contact with given planes,
which may be treated by the method proposed with the greateat faci-
lity, whose solution by projective coordinates would lead to exceedingly
complicated and unmanageable expressions.

L
ON THE TANGENTIAL EQUATION OF A POINT IN A PLANE.

Through any peint in the plane let two rectangular axes ox, ov,
be drawn, let a, 3, denote the projective coordinates of the point on
those axes, £ and v the reciprocals of the intercepts of the axes ox, ov,
from the origin made by any line passing through the point, the posi-
tion of the point i determined by the equation

af+pBv=1 (1)
The tangential equations of a right line are
£ = constant, v = constant. ()

1L
ON THE TRANSFORMATION OF COORDINATES.
1 1 .
Leif and 5 denofe the intercepts of two rectangular axes ox, o,

by a given right line, -;4,1-; and -%- the intercepts by the same right line



ON TANGENTIAL COORDINATES. 3

of two other rectangular axes ox’, o', making an angle  with the
former, then

E=Ecosf 4 v'sinl; v=v cos® — E sinf. {3)

The axes remaining parallel, let the origin be translated to a point
1

whose projective coordinates are p and g, lot — and —‘1’,- be the ioter-

T
cepts of the new axes; then
s g . e ¥ :
A Y gl B YT EWTS “
v_ o
henceg =
IIIL

ON THE TANGENTIAL EQUATIONS OF THE CENTRAL CONIC SECTIONS,

The projective equation of a conic section referred to its centre and
axes being s

s& s"’!
etE=l ®
; o2y 1
the equation afamngmtto:tls?+ B =1l.wheny—0o, 2= g

when 2= 0, y=1, @ =a'E, ¥ =4, substruting in (s)
the tangential equation of the section becomes
a8 4 P = 1, (5)
Let the axes of coordinates now be conceived to revolve through
an angle 0 round o, and then translated to a point of which the pro-
jective coordinates are p and g, by the aid of formulm (3) and {4)
equation (5) is transformed into
 [a*cos® @ 4 6%sin? § — p*] B 4 [B cos? @ 4 @? 5in? B — ¢7] »* } 6
+2[{a* —bsinflcosd —pglEv—2pE—2gv=1; )
hence the tangential equation of & conic section being given in the
general form
alBP+ad v +2BEv+2yE429v= 1. (7)
Comparing its eoefficients with these of (6) we shall have five equa-
tions, to determine the projective coordinates ef the centre, the mag-
nitude and inclination -of the axes of the section. In the first place
y=—p, ¥ = — g; hence one half the coefficients of the linear



4 ON TANGENTIAL COORDINATES.

terms in the tangential el’pmtion are the projective coordinates of the
centre.
Comparing the three remaining coefficients, and introducing the
values of p and g we have
atcos’ 4 Hein® @ = ado'; Bcos?0 4 atsin®@ =a? 4 7
and (a* — *) sin Beos @ =3 + vy';

enee n -—-__.m-l-—'rﬂ.
. W A~ W i

2= 2t E Vit A - @) P B+ )
= 9 S

(9
The curve is an cllipse or hyperbola according as
(B + vV <or> than (a 4+ 7% (& 4+ 7).

Let r = tangent of the angle which one of the asymptots of an
hyperbola makes with the axis of z, then

e BN EAVB P — @+ ) F

(19)
When the two conditions

aty=d+y% and B4yy)=0,
are satisfied, the curve is a circle, and the origin is at a focus when
az=a and 3 = 0. G
Now the projective equation of a conic section being
AN 22y 4 2cx 20y =1,
it may be shown that the origin is at a focus when a 4 ¢ = &' 4 ¢’
and 8 4 c¢"= 0, and the curve is a circle when Ao = &° and B=0,
which conditiens are reciprocally analogous to those just mentioned.
The origin of coordinates is on the curve when ag' — 32 =0,
When o’ = 0 the curve touches the axis of 2, when a = 0 it touches
the axis of .

Let the general tangential equation of a conic senction
e 4d vV 2P v 420 E 4 21;".“: 1,
be solved for v, i
ST,
f: ]



