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PREFACH

The subject-matter for the Tollowing pages has its origin
in variens. sources well koown to the general  matheatical
reader: vet it is felt that the view of the differential and iote-
gral ralcalus presented in the sequel generally does not come to
be recogmized hy fhe stdent 91.1ﬁ'1cientl§-' garly in his course.
The view treferred to i3 supgested 0 a nuimber of excellent
works upon Hifinitesimal caleulus, bue the writer's aim is to treal
the subject of this paper as o chapter in algelira, preparatory and
supplementary tooa course in differentiad and inrtegral calculus,
anid nut as a part of that course.  The historical arder of develop-
ment has heen followed in general outline, thongh the axXArCiLes
are set in modern notation, The hiswarical or'd.r-r of development
of a science is usalally (oL always; ¢b Hist. logarithins) the
easiest to follow; morcover any other method withhelds history
and often fails to give a safiwizut account of the selence in-
vuolved. This stands to reason for the actual development is lilce-
Iv to be the result of necensity.  The reader is referred ta several

excellent articles and books for the lustory, which, alter reading

" this paper, should he intelligible to the beginuer,

The object is not juerely to gain the listorical view of the
infinitesimal analysis bnt to prepare the student for the sohution
of problems in applied mathematics. The processes of differ-
enliation and integration are acqgoired without much difficulty ;
hut to se¢ the IJriﬂgmf with faa‘.i[[t}' in a problem in ana]ytic me-
chanics or physics requires clear notions as to sums and limits
of =ums.  Such notions are of much more importance to the
physicist aml engincer than ‘tle more elaborate methods for in-



tegrrating complicated forms: it is the desire to aid the student
in forming these notions early, together with the writer’s need
of a suitable exercise book for use in s classes, that has heen
the reason for writing this paper,

The following is suggested as a eonrse in fundamental prio-
ciples and exervizes: Elementary algebra, including pragres-
sions; convergence aml divergence of series including the
clementary test theorems; esnms of squares and cubes of
first # integers; undetermined cocfiicients and decomposition
of fractions; exponental and logarithmic series and logarithms;
elemients of trigenometry ; summation of series as in Chapter I,
thiz book; derived functions; theory of equations, graphs anid
elemrentary limit theorems as stated in Arts, 7, 8, 9 and Theoremn 1,
Art. 14, McMahon and Suvder’'s Diferential Caleulns; peemu-
tations, combinations, binotnial theorem; determimants, system
ol linear equationz. elmination, Sylvester’s Method, iserimi-
nants; anatytic geontelry of plane and space; Chapter 11, this
ook, differential calenlus proper, thar is, the roles and formulas
of differentiation; Chapters IIT and 1V integral calcutus [ol-
lowed by mote complete conrses.

For a sinple demonstration of the logarithmic seties the fol-
lowing is suggested: crmel =1 (1. )7 expanding by the ex-
puncntial and binomial theorems and equating the cocfieients of
in the two expansions we obtain the logarithmic serics, OF
course the limitations of this proof should be noticed. The
formulas for the sums of squares and cubes may be pro.ed by
induction. An carly introduetion to the factar and remainder
theorems with their application in drawing graphs and locating
roots of rational functions is advocated.

The kindness of 3r. H. H. Dalaker in reading proofs and
verifving examples is acknowledged. '

Usnersiry aF MIXsEEaTs
Mareh. a2



SUMMATION OF DIFFERENCES

CHAPTER I
SUMMATION

1. The Symbal B. The series with which we shall have to
deal are such that the #th term can be expressed as a function
of = Arithmetical and geometrical series are of this kind.
Thus the xth term of the arithmetical series, a+(a+d)
+lg+zed)+ oy is (a+n--14), any term may be written
Irom this by substituting the corresponding value of . As an
example the third term of the series is fo+3—1d)=(a+2d),
a5 it should be. In the geometric series 4 4 a7 + a*+ -+, the
ath term is a*', and from this, for example, the filth term is
ar™ = ar', ax it ghould be, Hence we see that the terms of
an arithmetic progression are of the type (¢ +3— 14), and the
terms of a geometric progression of the type e, where x is
to have the particular value corresponding to the number of
the term in question.

2. The symbol 2 is employed for the purpbse of indicating
that a sum of terms is to be takep. We define

2 {a+7= 14}

to mean the sum of terms of the type (a 4.r— 1 4),

E ar™h

to mean the sum of terms of the type a»"~, and in general

2 dir)

1



2 SUMMATION OF DIFFERENCES

to mean the sum of terms of the type ¢(+) Our definition,
however,.is not complete, since nothing in the notation indicates
how many terms of a g‘iv{:n type are be inciuded in the sum.
Suppose, for example, we wish to indicate the sum of the first
five terms of the series 3, §, 7, @, -} we should write simply
E {3+ 24 - 1) and have to explain that we are to sum the five
values [ound by making » successively equal to 1, 2, 3, 4, 5, 1In
(3+2x—1) We complete the definition by attaching the
fimdss of 2 in the following manner:

%

.2_1\ (34zr—1);

the limits designating the first and last values to be given to 1.
The limits may be omitted in any problem provided they are
understood.,

3. The student will have ne difficulty in verfying the follow-
ing illustrative examples :

zt_.r+1}=z-4+2-5+z-6+2‘?+2-8=8t15-5=60_

=7

o a8 _ ;
2:_1=zs+23+24+25+2»3=££__ _')=4 3':124,
2 1

|

Ll

E,r=t+2+---+7= s 7=28

2.12=13+2‘*+-“+m-"= 1of 104+ ‘[j]{ZQ-f-IJ:IC_D:.I&I_-EI_
|

. . g =5 11-7= 388
_1'35{2.1'1—:4[?]:;1, = 784.
e ;

i
-

2

N« =1 R BT
B = e e R L e T i
x/ 2;: zz:x FraeEs 3 4 5

47 =
ﬁﬁzsoéﬁ.



SUMMATION 3

R ]
Z log = = log 6o,
=
Nyt o= rrs.
2.'( 1y lo og 2
In 0 T
— lI =Nt gpiot 10 1.1 T
,,2_\( 1y l{ = drmgk s L

2 Yy =g {m )+ drlmr 13+ o — )+ e ()

"

1 -
2( sm( + l)(.OS (? - x)‘:;zsin.:w +;—:Esinz.r= z2sin 21,

4. In the preceding paragraph we were concerned with find-
ing the value of Etf:(.r); in the present amd following article

we shall soive the inverse problem, having piven & scries of
the form ¢{me) + Gl + 1) 4~ + @{#} tn find the equivalent

expression 2 Birh  Asan example take the series

3 _ 4 5 _ 6 . 24
4:5 5.7 6.9 -1l 25 - a7

We wbserve at once that the signs of the even numbered
" terms are megative; this is effected in the summation by intro-
ducing the sign factor { — 1§, so that when = is odd the sign
is +. We notice further that each numerator is greater by 2
than the number of the term in which it stands, while the first
factor of the denominator is 3 greater.  The last factor of
the denominator increases 2 units per term, and is § in the
first term, hence itis 342 # in the wth term; that is, it cxceeds
twice the number of the term by 3. The wth term, therefore,
expressed as a function of #, may be written

7 {2+ 2)
o | L Y vl o ik R
(=1r (#4324 3)
and, all together, there are 22 terms.

WO S S 2 +2)
4+5 5-7 25 4; (-1+3}(21+%}



