QUATERNIONS AND
PROJECTIVE
GEOMETRY, SERIES A,
VOL. 201, PP. 223-327



Published @ 2017 Trieste Publishing Pty Ltd

ISBN 9780649449415

Quaternions and Projective Geometry, Series A, Vol. 201, pp. 223-327 by Charles Jasper Joly

Except for use in any review, the reproduction or utilisation of this work in whole or in part in
any form by any electronic, mechanical or other means, now known or hereafter invented,
including xerography, photocopying and recording, or in any information storage or retrieval
system, is forbidden without the permission of the publisher, Trieste Publishing Pty Ltd, PO Box
1576 Collingwood, Victoria 3066 Australia.

All rights reserved.

Edited by Trieste Publishing Pty Ltd.
Cover @ 2017

This book is sold subject to the condition that it shall not, by way of trade or otherwise, be lent,
re-sold, hired out, or otherwise circulated without the publisher's prior consent in any form or
binding or cover other than that in which it is published and without a similar condition
including this condition being imposed on the subsequent purchaser.

www.triestepublishing.com



CHARLES JASPER JOLY

QUATERNIONS AND
PROJECTIVE
GEOMETRY, SERIES A,
VOL. 201, PP. 223-327

ﬁTrieste






edd 1269 0 3
PHILOSOPHICAL TRANSACTIONS U

OF THE

ROYAL SOCIETY OF LONDON

Smaizs A, VOL. 201, pp. 223-321.

QUATERNIONS AND PROJECTIVE GEOMETRY

BY

Proressor CHARLES JASFER JOLY,
ROYAL ASTRONOMER OF IRELAND.

LONDON:
PUBLISHED FOR THE ROYAL BOCIETY
BY DULAU AND CO, 87, SOHO SQUARE, W.
CONTINENTAL AGENTS, MESSRS, FRIEDLANDER AND SON, BERLIN,

1903.

A 338. 20.6.03
Price Five Shillings.



M\%aq.oa

Wiont - und, ;::.uwl.-



[ 223 ]

VIII. Quaternions and Projective Geometry.
By Professor CHaRLES JAsPER Jory, Boyal Astronomer of Iveland.
Communicated by Sir Roprer Bavy, F.R.S.
Reeoived November 27,-—Read December 11, 1802.

INTRODUCTION,

A quatgRNION g adequately representa a point g to which a determinate weight is
attributed, and, conversely, when the point and its weight are given, the quaternion
¥o7 i defined without ambiguity. This is svident from the identity

B - Vg

q_(l-i-sq)sq. Ay,
o i which 87 is regarded as & weight placed at the extremity of the vestor
o op= YL (B),

drawn from any assumed origin 0. It is sometimes convenient to employ capitals g
concurrently with italica ¢ to represent the same point, it being understood that

=
q._sq_.l-}-oq o w s owm o w m Rk

Thus Q represents the point @ affected with a unit weight. The point 0 may be
called the scalar point, for we have
=1 w o+ o ow w0 oo Coee . (D)

In order to develop the method, it becomes necessary to employ certain spec
symbols. With one exception these are found in Art. 865 of ‘ Hamilton's Elements
of Quaternions,” though in quite a different eonnection. We write

(a2, 8) = b8e —aBb, (a,b]=V.VaVs . . . . . . (El:
and in particular for points of unit weight, thess become
(4,B)=B—4, [4,8]=V.VaVBE=V.Va.(B—1a) . . . (F)

Thus (ab) is the product of the weights SaSé into the vector connecting the points,
and [ab] is the product of the weighta into the moment of the vector connecting the
points with respect to the ecalar point. The two functions («b) and [ab] completely
define the line ab.

VOL. OCL—A 338, 20.6.0%
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Again HAMILTON writes
[a,b,¢)=(a,b,¢) —[b,¢]8a —[c,a]3b —[a,b]8¢; (z,b,c) =8[a,b,c]=8VaVbVe. (G):

or if we replace o, b, ¢ by {1 + a)Sg, (1 4 8)8b, (1 + ¥)Sc, where a, 8 and y are the
vectors from the sealar point to three points «, b and ¢, we have

[s,B,c]=8aBy — V(By 4y« +a8); (a,B0}=8efy . . . (H).

Hence it appears that [&, b, ¢] is8 the symbol of the plane @, b, ¢; for

— V&, b,c](a b, c)* is the reciprocal of the vector perpendicular from the scalar

point on that plane. Also (4, B, ¢) is the sextupled volume of the tetrahedron oasc.
Agein, HamiLToN writes for four quaternious

{abedy =8.abed] . ... « . . . . . (I);

and in terms of the vectors this is seen to be the products of the weights into the
sextupled volume of the pyramid (aBcp).

Other notations may of course be employed for these five combinatorial functions
of twa, three, or four quaternions or points, but Hamirron's use of the brackets seema
to be quite satisfactory.

In the same article HaAMILTON gives two most useful identities connecting any five
quaternions.  These are

a{bede) + bedea) +.c(deab) + d{eabe) + e{abed) =0. . . . (J),
e{abed) = [bod|Sae — [acd]|8be 4 [abd]Bce — [abe]Sde . . . (K),

and

which enable us to express any point in terms of any four given points, or in terms
of any four given planes.
The equation of a plane may be written in the form

BlgmD - . ... ov e wow . (L)

and thus [, any quaternion whatever, may bo regarded as the symbol of a plane as
well as of a point,
On the whole, it seems most convenient to take as the auxiliery quadric the sphere
of unit radius
8.¢=0 . . . .. ... ... (M)

whose centre is the scalar point. With this convention the plane Sig = 0 is the
polar of the point ! with respect to the auxiliary quadric; or the plane is the
reciprocal of the point /, Thus the principle of duality occupies a prominent
position,

The formulee of reciprocation

([abe]; [abd]) = [ab] (abed}; [[abe]: [abd] ] = — (ab) (abed). . . (N)

connecting any four quaterniona are worthy of notice, and are easily proved by
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replacing the quaternions by 1+4a, 148, 14y, and 143 respectively. In
complicated relations it may be safer to separate the quaternicns as in these formule
by semi-colons, but generally the commas or semi-colons may be omitted without
causing any ambiguity.

These new interpretations are not in the least inconsistent with any principle of
the calculus of quaternions. We are still at liberty to regard a quaternion as the
separable sum of a vector and a scalar, or as the ratio or product of two vectors, or
as an operator, a8 well as a symbol of a peint or of a plane.

In particular, in addition to Hamicrox's definition of a vector as a right line of
given direction and of given magnitude, and in addition o his subsequent interpre-
tations of a vestor as the ratio or product of two mutually rectangular vectors, or s
a versor, we may now consider a vector as denoting the point at infinity in its
direction, or the plane through the centre of reciprocation. For the veetor og of
equation (B) becomes infinitely long if’ 8¢ = 0, and the plane 8{g = 0 passes through
the scalar point if 87 =0. We may slso chserve that the difference of two wnit
points & — B is the vector from one point B to the other 4, and this again ia in
agreement with the opening sections of the * Lectures.”

Additional llustrations and examples may be found in & paper on * The Interpre-
tation of a Quaternmion as a Point-symbol,” ‘Trans, Roy. Irish Acad, vol 32,
Pp. 1-16.

The only other symbels peculiar to this method are the symbols for quaternion
arrays. The five functions (ah), [ab], [abc], (abe), and {abed) are particular cases of
arrays, being, in fact, arrays of one row. In general the array of m rows and =

columns
oy 0y g ... a_]

by by By ... b
s B s moe ow om0
PrPePa--oPu
meay be defined as a function of mn quaternion constituents, which vanishes if, and
only if, the groups of the constituents composing the rows were connected by linear
relations with the same set of sealar multipliers. In other words, the array vanishes
if sealars ¢, &, . . . &, can be found to satisfy the m equations
fety + ety L L, =0,
b+ by + .. FLbo=0,

v+ .. F =0
The expansion of arrays is considered in a paper on * Quaternion Arrays,” *Trans.
Roy. Irish Acad.,’ vol. 32, pp. 17-30.
VOL. CCL—A, 20
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SECTION L

FuxpavenTarL GEoMETRIcAL ProrerTies ofF A Livear QQuaterwion Fuscriox.

Art. Page
1. Dofinition of & linear quaternion function . . . U T
2. The general lincar transformation effected by a lmam’ fum:tmn i e . . 286
3. Specifi of a ion by four g ions or five points and their Llenveds .. 227
4. The transformation of planes offected by the inverse of the conjugate function . . . 227
5. Geometrical interpretation of HAMILTON'S mothod of inversion . . . .22y
6. Geomstrieal illuatration of the relations connecting Hamiirox's auxiliary functmns . 228
7. The united points of a linear tranaformation. . . . . . . 220
8. Relations connecting the united points of a function f with those nf m cmuugatef‘ . 250
9. Introduction of the functions fy=3% (f +7') f,=%{F-f). . . 231

10, Bg/fogm= 0 and Sqf p=0 ropresont. the genarn] quadric surfaec and tha genera] lmaﬂr

complex. , . . 231

11. The pola of a plans Sqﬂ 0 h) !.he quml.m: is fo—l.'n nud LIIE. pmnl: nf eoncolrse Df ].lnas

of the complex in the plane is /5. . . - ]
12. The united points of £, form a quadrilateral on the nphuru of mclpmcahon v .. 232

1. The guaternion equation
Aesqt=so+f . . - . . - . . . (@

may be regarded as a definition of the mature of a linear quaternion funetion f, the
quaternions p and q being perfectly arbitrary. As & corollary, if  is any sealar,

Sepy=ab . . . . . . ... @)

and on resolving jy in terms of any four arbitrary quaternions a,, a, @y, a, we
must have an expression of the form

fo=oaShg+aShg+ aSbg+aShg . . . . . . (3)

because the coefficients of the four quaternions @ must be scalar and distributive
functions of .  Bixteen constants enter into the composition of the funetion f, being
four for each of the quaternions b.

2. When a guaternion is regarded ns the symbol of a point, the operation of the
function f produces a linear transformation of the most general kind.

The equationa

Flza+ yb)=afa + yfb; flrat bty =afa+ b+ . . (4)

show that the right line @, & is converted into the right line fa, f0, and the plane
containing three points a, b, ¢ into the plane containing their correspondents, fu, fo

and fe.
The homographic character of the transformation is also clearly exhibited.
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3. In order to specify a function of this kind it is necessary to know the quater-
nions «’, I, ¢, @' into which any set of four unconnected quatercions, a, b, c, d, are
converted. Thus, from the identical relation

q(abed) + afbedg) + bledga) + o(dyab) + digabe) =0 . . . (3),

connecting one arbitrary quaternion with the four given quaternions, is deduced the
equation

Jalabed) + a'{bedg) + ¥ (cdga) + & (dgab) + &' (gabey =0 . . . (0),

which defermines the result of operating by fon ¢.

When we are merely concerned with the geometrical transformatiou of points, the
absolute magnitudes® of the representative quaternions cease to be of importance,
and the function

J3=ca'(BoDg) + yB'{cDga) 4+ 2 ¢'(DgaB) 4 v (gasc). . . . (7),

which ‘involves four arbitrary scalars, converts the four puints &, B, ¢, D into four
others, &', ¥, ¢, 'n. Given a fifth point E and its correspondent ', the four sealars
are determinate to a common factor, and subject to a sealar multiplier, the funetion
which produces the transformation is

fi = &'(BeDg) . (_‘(S;IE;:;E)') + B (cpgal. %E})’) + ¢’ (Dgam). (—1&’%)
4+ 1 {gaBc) . fgame) dw v oA d & (8K

: {EaBc) °

It is only necessary to replace ¢ by E in order to verify this result.

4. A linear quaternion jfunction, f, being regarded as cffecting a transformation of
potnts, the tnverse of its conjugate f'~! produces the corvesponding. tangential trans-
Jormation.

For any two quaternions, p and ¢,

Spg =8pf~l¢ =Bfpy =8py g =fap=F"p . . . (9

Hence any plane 8pg = 0, in which the quaternion ¢ represents the current point,
transforms into the plane 8pq’ = 0, and the proposition is proved.

Thus, when symbols of points (7) are trunsformed by the operation of f, symbols of
planes ( p), or of points reciprocal to the planes, are transformed by the operation
of =1,

5. Hamiwron's beautiful method of inversion of a lincar gquaternion function
receives a geometrical interpretation from the results of the last article.

* In accordance with the notation proposed (*Traus. Roy. Irish Acad.,’ vol. 3% p. 2), capital lettera
are used in this article concurrently with small letters to denote the same points, but the weights for the
capital symbols are unity ; thus =g = (1 +0q}Sy.

' 2a2



