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INTRODUCTION.

1. The course of lectures by Prof. Frank Morley during the winter of
1903-4 on cubic curves suggesied this dissertation and prepared me to carry on
the research. The trend was largely determined by an incidental question by
Prof. A. Cohen as to the groups involved in the system of conics which I had
Jjust presented to the Mathematical Beminary. The interest and valuable sug.
gestions of Dr. A. B. Coble in the earrying on of the work are gratefully
acknowledged.

2. The close connection between the Hesse group and the syzygetic pencil
of cubios makes it necessary to say at least something about this pencil of curves.
Without attempting even an outline of the theory, I present in Section L. only
such matter us is needed lnter, besides some new facts concerning the peneil und
a figure showing the appearance of some noteworthy and specially related cubics
of the pencil. No figure seems ever to have been published except that in con-
nection with the paper of Praf. Morley in the Proceedings of the London Math-
Society, Ser. 2, Vol. 2, Part 2, which shows arbitrarily selected cubics. The
initial and all but the closing work leading to that figure was done by me.
Therefore, 1 present a figure of the pencil herein, also one of the corresponding
polar-reciprocal range of line eubies.

Section L shows how to derive a closed system of thirty-six conics analogous
to the conie of Section I. as to which the pencil and range are polar-reciprocal.
It also discusses the action of the polarities of these conies upon the four
inflexional triangles, and presents some history of similar considerations.

In Section ITL there is given a brief history of the attempts to determine all
finite groups of transformations, and in particular an account of the Hesse Group
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of 216 ecollingations. Further, we derive and write down the matrices of these
collinenilons by means of the closed system of thirty-six conies, which are here
differently defined than in Seetion IL. and are given accordingly. All the sub-
groups are found and discussed. The collineations are finally classified as to
periodicity.

Bection IV. treats of triangles in other perspective forms than six-fold as are
the inflectional triangles above. As a second way to secure triangles in three-
fold perspective, also some in two- and one-fold perspective, we develop what
we call the Complete Pappus Hexagon, in its dualistic forms and deduce a
number of theorems connected with it.



I
THE SYZYGETIC PENCIL. DRAWINGS OF THE PENCIL AND RANGE,

1. The name svzyaemo® is given to the pencil of cubics determined by &
cubic £ and its Hesslan A,
xf +AA=0, (1)
which hag the same nine inflexions for all its eubies, the intersections of the two
cubies fand A, and so has the same four inflexional triangles.
It is well known that any non-singular cubic may be brought in four ways,
as shown for example by Weber,® into Hesse’s canonical form
o 4 o} + af - Gmeyme =0, (2)
This simply means that the cubic has been referred to one of its inflexional
triangles as reference triangle. The Hessian covariant of the form (2) is
A= — (w4 2l + o)) + (1 4+ 2m®) @y o, (3)
Its vanishing gives the Hesse Cubic or Hessian, Thus if m is the parameter of

4 5
the cubic (2) and m' is that of its Hessian, we have 6m' = — 1 +m:m ; and
form (2) for all values of m from — e lo 4+ = gives the pencil as well
as form (1).

The relation between m and m' shows that each eubic of the pencil heas but
one Hessian but is Hessian to three cubies of the peneil,

Choosing one of the inflexional triangles as reference triangle, we readily
ealeulate in turn,

The codrdinates of the nine inflexions,
Their arrangement on the sides of each of four triangles,®
The equations of the sides and opposite vertices of these triangles,

1 Clebsoh-Lindemann ; Legons enr Ta Géométrie, 1T, p. 250,
*Lehebuch der Algebra, 8. Aufl,, TT, §8 106, 107; sa. 300404,
#0.-Los 10, (7) p. 298,
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The polar eonics of the inflexions, which are in each case! two right lines,
viz., the inflexional tangent and the harmonic polar of the inflexion.
For future reference we give the sides of the mflexional triangles:
A, B. C. D.
o =0, @ +atap=0 oFay A wda=0. en+ta=0
wm=0 oto'mten=0 ntooton=0 mtoertom=0 (4)
=0 mtoernten=0 ntuntdn=0 ntuntorn=0~0

The equations of the vertices respectively opposite are given by exchanging
£ for » and interchanging o and * o and o* are the complex cube roots
of unity.

2, Some Particular Cubics of the Peneil.

(@) The cubics whose parameter m is respectively o, —4, — 30o*, —}o
are the four inflexional triangles in the order as obtained above, of which® two
are real and two imaginary. The polar line® as to these triangles of any point y
has coordinates respectively,

@ £ £

A: Y=Y Psdh Wy

B: Yi— b yE—sin Yi— i
c: yi— o'y, ¥ — oty yi— o' s
D: yi—omn yi— 0y Yi—0p .

The determinant formed from any three rows of these coeflicients vanishes
identically, therefore the four polars pass through a common peint, ro we say,

The four polar lines of any point as fo the fowr inflexionul triangles meet in
point, or also

Any two of the inflecional triangles are apolar as seen from any point of the
plane, and «re thus syzygetic.

(&) The first of two eovariant cubies of the peneil is the Hessian, equation
(3), p. 5. The second is the Cayleyan of the cubic (2). The polar conie as to
this cubic of a point y is

o ok 4 2maa) 4 i (0d A+ 2 n) + g (0d + 2mna) =0

Considering the 3's as parameters, this is a net of polar conics. By inspection,

we see that the conic m £ — £, & is apolar with the three conies of the net;

+QuL.t 11, p. 897; Balmon: Higher Plane Ourves, 8. B4, 3§ 74, 170, pp. B9, 148,
1, p. €30, alo pp. 259, 310,

L P, €.y § 185, p. 13,




